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ABSTRACT: We present a study of adsorbed diblock copolymers, which is based on the mean-field self- 
consistent theory of incompressible polymer/solvent blends. We assume that one of the blocks is tightly 
adsorbed and model the remaining block using the formalism recently developed for crystallizable/ 
amorphous block copolymer blends. Restricting attention primarily to near-0 conditions, we present series 
of calculations describing adsorption at a single surface and adsorption on two parallel surfaces a finite 
distance apart. For the second case, we calculate the long-range forces acting on the two surfaces. We 
make quantitative comparisons with experiment for conditions corresponding to slightly good, 0, and slightly 
poor solvents. We determine the thickness and shape of the polymer density profiles, obtain approximate 
scaling relations and the ranges of their applicability, study finite molecular weight effects, as well as the 
extent of the interdigitation of layers adsorbed on opposite surfaces, and show how these quantities vary 
as the surface separation changes. In addition, we show how the scaling of the apparent range of the mea- 
sured long-range force can differ from the scaling of the thickness of a single adsorbed layer. 

1. Introduction 
Polymer adsorption, in particular, homopolymer adsorp- 

tion, has been extensively studied both experimentally 
and theoretically. In this paper we study adsorbed block 
copolymers and the resulting long-range forces acting on 
two surfaces with adsorbed copolymers. (We do not refer 
to the extensive literature on adsorbed homopolymers in 
this paper.) 

The system is illustrated schematically in Figure 1. One 
or two surfaces are immersed in solution containing copol- 
ymers, which then adsorb. We assume that one block of 
the copolymer adsorbs tightly but that the second block 
has no particular surface affinity and extends to at  least 
some degree into the solution. It is the nonadsorbed blocks 
that are of primary interest here. In fact, in this paper 
we assume that the only significant roles of the tightly 
adsorbed blocks are anchoring the dangling block and 
partially controlling the total surface coverage. The sys- 
tem is thus equivalent to a collection of grafted poly- 
mers and is frequently referred to as the polymer brush. 

These systems have been studied experimentally by 
small-angle neutron scattering,lg2 hydrodynamic thick- 
ness  measurement^,^ and Israelachvili surface forces 
 technique^.^-^ The experiments provide information on 
the shapes and sizes of the density profiles and how they 
vary with, for example, molecular weight and solvent qual- 
ity. Here we summarize very briefly some of the scaling 
results that were extracted, with a view to illustrating 
the range of results which we attempt to explain in this 
paper. 

The SANS measurements, which provide a detailed 
picture of the density profile, were made on low molec- 

ular weight PEO-b-PPO-b-PEO copolymers adsorbed on 
particles.lV2 The brush thickness was found to  scale 
approximately as ZpE00.5, where ZPEO is the degree of 
polymerization of the PEO blocks. Killmann et al. mea- 
sured the hydrodynamic thickness of a PEO-b-PPO-b- 
PEO coated latex3 and found a similar result: it scaled 
as ZpE00.55. Surface force experiments measure the long- 
range force on two crossed cylinders resulting from the 
interacting layers on each surface. Taunton et  al."' used 
terminally adsorbed PS chains in toluene and xylene, with 
five degrees of polymerization ranging from about 250 to 
6000. The range of the force scaled approximately as 
Zo.6 (except for the highest molecular weight case). Hadzi- 
ioannou et  al. used4 PV2P-b-PS, in which the PVBP 
adsorbs and the PS extends in solution. They inter- 
preted their results in terms of the scaling theory1+l3 
(described below) and concluded14 that for the good sol- 
vent case the range of the forced scaled linearly with 
ZPS. On the other hand, Ansarifar and Luckhams mea- 
sured force curves for three sets of PV2P-b-PBS copoly- 
mers in toluene and found the onset of the force scaled 
as Z p s ~ o . ~ .  They also incorporated the  d a t a  of 
Hadziioannou et  al.4 and concluded that both sets of mea- 
surements are consistent with this ZO.' dependence. 
Finally, Marra and Hair used high molecular weight PEO- 
b-PS  copolymer^.^ When two particular cases were com- 
pared, Zps N 850 and Zps N 2400, the range of the force 
apparently scaled faster  than linearly with Zps. 

In order to qualitatively understand the full range of 
these results, it is useful to identify two limits, charac- 
terized in terms of the degree of polymerization of the 
dangling block ZA and the average surface area per poly- 
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Table I 
Dependence of x,,, and 4ma, on Z and I: for Low Surface Density, I: = 20 Expressed As x,,, a Z*/Lb and @- a Za/Ed 

a b C d 

X SCF isolated chains SCF isolated chains SCF isolated chains SCF isolated chains 
0.85 1 
1 1 

> l  1 

0 0 >1/5 215 
0 0 >1/3 112 

<O 0 >2/3 >1/2 

0.4 213 315 
0.5 0.55 112 
0.6 113 <1/2 

a The powers extracted from the self-consistent-field calculations are listed under the subheading 'SCF". They were extracted from the 
numerical work for the largest values of Z/Zc which we included; these values of Z/Zc are listed in the captions for Figures 10-13. For the 
poor solvent case, the calculations are beyond the applicability of mean-field theory, and the exponents should be considered only approx- 
imate. The corresponding exponents for a collection of isolated grafted chains, where given, are listed under the subheadings 'isolated 
chains", 

Table I1 
Dependence of xm., and on Z a n d  I: for High Surface Density, E << ZC, Expressed As x,, a Z./Eb and @,.. a Za/I:d* 

a b C d 
X SCF high MW limit SCF high MW limit SCF high MW limit SCF high MW limit 

<1/15 0 213 213 
1/12 112 

0.4 118 114 

0.4 >4/5 1 0.3 113 
0.25 0.5 415 

0.6 315 

a The powers extracted from the self-consistent-field calculations are listed under the subheading "SCF". They were extracted from the 
numerical work for the smallest values of Z/Zc which we included; these values of Z/Zc are listed in the captions for Figures 10-13. The 
corresponding exponents for the high molecular weight limit in good solvent, treated by Alexander and de Gennes1*13 and by Milner, Wit- 
ten, and Cates,lkls where given, are listed under the subheadings "high MW limit". Our numerical work indicates that the limiting values 
of the exponents are the same for good and 8 solvents. 

are very close to 3/5 and l f2 ,  respectively. 
In the limit of low coverage, the brush thickness, xmax, 

scales as an isolated molecule and so is independent of 
Z 

with a = v and b = 0. Also of interest is the maximum 
polymer volume fraction within the layer, 4". Because 
it includes an averaging parallel to the surface, it depends 
on the density within each molecule and on the density 
of grafted chains, Z-l, so 

omax  0: zC/zd 

-L- 
Figure 1. Schematic picture of copolymers adsorbed on two 
parallel surfaces separated by a distance L. One block of each 
copolymer, which we label the B block in the text, adsorbs tightly 
on a surface. The other block, which we label the A block, extends 
into the region between the surfaces. The copolymer joints are 
located in the interphases of width "an associated with each 
surface. 

mer, Z. For very low coverage, i.e., small ZA and/or large 
2 ,  the molecules are essentially isolated chains, whereas 
in the opposite limit they highly interpenetrate and stretch 
away from the surface. The crossover between the two 
limits can be characterized approximately using the cross- 
sectional area of an isolated molecule in solution, denoted 
ZC, which corresponds approximately to a threshold for 
neighboring grafted molecules to overlap. To within a 
numerical factor, ZC N Rg2, where R, is the unperturbed 
radius of gyration. In good and 0 solvents, R, N ZA'bA, 
with bn the Kuhn statistical length, and the values of u 

with c = 1 - u and d = 1. These powers are summarized 
in Table I. 

The opposite, high-coverage limit of high ZA and/or 
high graft density has been discussed by Alexander and 
de Gennes (hereafter referred to as AdeG)l*13 and by 
Milner, Witten, and Cates (MWC).15J6 In the scaling 
theory of AdeG the polymer profile, @ A ( x ) ,  is flat except 
for two "adjustment" regions. The first one is a deple- 
tion layer near the surface, in which the density rises 
from zero to the constant plateau value, and the second 
is a tail region in which the density falls to zero. Both 
these regions extend over distances comparable to the 
average distance between grafts, which scales as 2lI2. The 
layer thickness is predicted to scale linearly with molec- 
ular weight. I t  and omax scale as in eqs 1.1 and 1.2 but 
with exponents  and a = 1, b = l / ~ ,  c = 0, and d = 213  (at 
constant attachment density). These powers are included 
in Table 11. 

MWC15Ja exploited the formal equivalence of the argu- 
ment of the functional integral for the partition function 
with the "action" describing the classical mechanics of a 
particle moving in a potential and derived an analytic 
solution of the self-consistent equations describing the 
mean-field theory of the grafted polymer brush. Their 
solution is strictly correct in the limit of infinite molec- 
ular weight, highly stretched molecules (induced by Z << 
Zc in our notation) and in good solvent (requiring a pos- 
itive excluded-volume parameter w). They predicted a 
parabolic profile, which decreases monotonically to zero 
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at xmer with a discontinuous derivative. (For very high 
coverage, they argued that ~ A ( x )  exhibits a plateau near 
the surface, followed by a parabolic decrease.) Both the 
depletion region near the surface and the extended tail 
were neglected. This is justified in this limit because as 
ZA - a the total thickness of the layer scales linearly 
with ZA, and in comparison the adjustment regions become 
negligible. In later work, Milner, Wang, and Witten con- 
sidered formally finite molecular weight correcti~ns,’~ and 
MWC included polydispersity.l8 Each of these correc- 
tions is most important at  the tip of the brush. 

Even though the predicted density profiles differ qual- 
itatively, MWC predicted the same scaling laws as AdeG, 
but augmented by specific dependences on the exclud- 
ed-volume parameter w, namely 
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field theory is appropriate for polymers in a 8 solvent, 
which corresponds to x N 0.5. In near-8 conditions, mean 
field is valid if the polymer density is sufficiently large. 
However, in the current problem the polymer density is 
not uniform and, even for relatively high overall poly- 
mer content, can vary smoothly from a relatively high 
value to zero. Consequently, the quantitative criteria devel- 
oped for uniform systems cannot be applied. We have, 
therefore, taken the following approach. First, we have 
concentrated on systems not too far from 8 conditions. 
Second, we have tested the calculations by making detailed 
comparison with experiments for good, 8, and poor sol- 
vents. Finally, we have intentionally explored the antic- 
ipated limits of mean-field theory, including in the com- 
parisons the good solvent case of P S / t ~ l u e n e . ~  In this 
system the degree of polymerization of the PS block is 
about 900, and so in a uniform system significant poly- 
mer entanglement should occur for PS volume fractions 
in excess of about 4 N 0.01. The calculations indicate 
that in these experiments varies from a maximum, which 
is about 0.03, down to zero, and so one might expect the 
calculations to be at  best qualitatively correct. How- 
ever, the agreement turned out to be quite good. 

The rest of the paper is origanized as follows. In sec- 
tion 2, we present the formalism for calculating density 
profiles and the resulting long-range forces. The details 
of the calculations are described in the Appendix. In 
the next two sections we present results, Section 3 con- 
siders the case when only one surface is present and con- 
tains a detailed examination of the polymer profiles, includ- 
ing their dependence on molecular weight, surface cov- 
erage, and solvent quantity. We go on to the case of two 
surfaces in section 4, including the long-range force cal- 
culation. In particular, we correlate the changes in the 
density profiles as the surfaces are brought together with 
the value of the force at  each separation. We examine 
the interdigitation of the brushes attached to each sur- 
face, the retraction of these brushes (and extension in 
some regimes), changes in the profile shapes, and the details 
of the force curves. 

We also examine the extraction of information about 
the profiles from the force curves, in particular, the pre- 
dicted linear scaling of the brush thickness with the molec- 
ular weight of the corresponding block.le18 Previous inter- 
pretations of some experiments have indicated that the 
range of the force also scales linearly with molecular weight, 
and this has been taken as evidence supporting this pre- 
diction. We have concluded that this agreement is model 
dependent and that, even in experiments in which the 
range of the force appears to scale linearly with molec- 
ular weight, the thickness of the brush, with or without 
the “tail”, may not. This can also explain the apparent 
scaling of the range of the force that is faster than linear 
with ZPS in the experiment of Marra and Hair.g In the 
final section we summarize our conclusions. Through- 
out the paper, we concentrate on the physical picture of 
the system provided by the numerical work and on the 
extraction of general results such as scaling relations and 
the ranges of their applicability. 

2. Formalism 
Our model system is illustrated in Figure 1. Two infi- 

nite, flat, parallel surfaces are immersed in solvent. 
Attached to each surface are diblock copolymers; one block 
of each copolymer, labeled the B block, adsorbs tightly 
onto a surface, whereas the other (A block) extends into 
the interior region between the surfaces. There is an inter- 
facial region at  each surface in which the local volume 
fraction of adsorbed B-type material decreases from unity 

Both models have been used to interpret the surface 
force meas~rements.14.16,18,~9 In these calculations the 
tails of the density distributions were ignored, and it was 
assumed that the two brushes retract uniformly with no 
interdigitation. This implies that the onset of the force 
occurs a t  a surface separation that is twice the individ- 
ual brush thickness and that each compressed brush 
retracts linearly with surface separation. 

Real systems should fall between these limits; the molec- 
ular weight and surface coverage are finite. Further- 
more, in the surface force apparatus the opposing pro- 
files both interdigitate and deform as they retract. The 
goals of this paper include an examination of the extent 
to which the idealized models for the high-coverage limit 
correspond to experimental conditions and to the full 
numerical calculations. We include calculations of the 
polymer profiles, the long-range forces and changes in 
the polymer profiles when two surfaces are brought 
together, covering a range of conditions. (Some of our 
preliminary results were presented earlier.20) We study 
both single-surface and double-surface geometries. The 
calculations are based on a theory of copolymer blend~,2l-~~ 
which is in turn based on the earlier work of Edwards 
and Dolan24p25 and of Helfand and co-workers.26-28 It is 
a mean-field self-consistent theory, involving lengthy but 
not unreasonable computer calculations. We have devel- 
oped convergence procedures that are nearly automatic, 
and it is now not difficult to perform many of these cal- 
culations on modest computers. The computer code is 
available upon request. 

Other numerical work has been reported by Cosgrove 
et al.,2b29 Muthukumar and H0,30 and Murat and G r e ~ t . ~ l  
In addition, these models can be used in related work; 
for example, Marques, Joanny, and Leibler32.33 and Munch 
and used the step function profile similar to that 
of Alexander and de Genneslel3 in developing theories 
of copolymer adsorption in equilibrium with bulk. In 
related work, Theodorou has developed lattice models 
for bulk homopolymer/surface and bulk copolymer/ 
surface systems.35 The long-range forces between two 
surfaces with adsorbed copolymers have been modeled 
by Hadziioannou et a1.,4 Taunton et al.,“7 Milner et a1.,16J8 
Milner,lS Pate1 et al.,I4 and Muthukumar and Ho.~O 

Our use of mean-field theory limits the range of valid- 
ity of the c a l ~ u l a t i o n s . ~ ~ ~ 3 7  For uniform polymer/ 
solvent systems, the limitations can be stated formally 
in terms of the degree of polymerization and stiffness of 
the polymer, the polymer concentration, and the solvent 
quality as characterized by either the Flory interaction 
parameter (x) or the related excluded-volume parame- 
ter. In either the dilute or semidilute regimes, mean- 
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a t  the surface to zero in the interior, where solvent, S, 
and the A-type copolymer coexist. We assume the copol- 
ymer joints are randomly distributed throughout layers 
of thickness “a” at each wall; we choose a = 2 b ~ ,  where 
b A  is the Kuhn statistical length for the A block poly- 
mer. 

We calculate the free energy per unit area, E,  as a func- 
tion of surface separation, L. It is directly related to the 
measured force, F, by the Deryaguin a p p r ~ x i m a t i o n ~ ~  

F ( L ) / R  = 2a[E(L) -E,] (2.1) 
where R is the geometric mean of the radii of curvature 
of the cylinders and E ,  is the limiting value E(L-m). In 
practice, for this limit we take L to be large enough for 
there to be no overlap of polymers attached to opposite 
surfaces. 

To calculate E(L) ,  we use a recent theory of copoly- 
mer blends in which one of the copolymer blocks is amor- 
phous and the other is crystal l i~able .~~ The morphology 
in that case consists of alternating amorphous and semi- 
crystalline layers, with the joints localized in inter- 
phases between the layers. Each layer can also contain 
compatible solvent. The picture of each amorphous layer 
in that system, including the two interphases at  the edges, 
is identical with our picture of the copolymer/solvent sys- 
tem between the two surfaces in the present case. 

For section 2 of ref 39, E(L)  can be written as 

2 
POAWA(X)6A(X)] - (ql(2.4)) (2.2) 

The first term in eq 2.2 is the interaction energy of all 
components (in units of ~ B T ) ,  4 K ( x )  is the local volume 
fraction of component K a t  position x ,  poK is the density 
of pure component K (monomers per unit volume), ZA is 
the degree of polymerization of the A block, Z is the aver- 
age surface area per copolymer, and WA and (ql(z.4) ) are 
discussed below. We assume the system is incompress- 
ible, so that, locally 

(2.3) @A(X) + d)B(X) + & ( x )  = 1 

everywhere between the surfaces. 
The enthalpic interactions are described via general- 

ized Flory parameters xKKt,  which are defined using the 
solvent for the reference density. The approximate range 
of the interactions is given by u, taken to be equal for all 
interactions. We choose u = bA. Eint can be expressed 
as 

Ein,(L) = 

Pos JLdX { x s ~ [ & ( X )  ~ A ( X )  - (U2/6)dJ’s(X)@’~(X)1 + 
X s ~ [ & ( x )  ~ B ( X )  - (u2/6)@’s(x) &B(X)] -I- 

XAB[’#JA(X) @B(X) - (u2/6)@’,4(X) @’B(x)11 (2.4) 

The prime on & ( x ) ,  etc., denotes diffraction. Written 
in this form, the interactions between all pairs of com- 
ponents can be seen. 

In this paper, we do not attempt to calculate the den- 
sity profile of the adsorbed block, @&). Instead, we 
assume that for very tightly adsorbed B blocks it is inde- 
pendent of surface separation (as long as the surfaces 
are not squeezed too tightly together). In the inter- 
phase region where A and B blocks coexist, we model it 

simply by 

@B(x) = 1 - tanh2 ( x / l )  (2.5) 
with 1 chosen so that 4~ = 0.5 a t  x = bA. This choice is 
consistent with an interphase width characterized by a 
= 2bA. Thus the procedure includes a nontrivial descrip- 
tion of the A-B interphase, with at  least qualitatively 
realistic descriptions of the profiles and interactions in 
the region. Any error in this profile should not signifi- 
cantly affect the difference [E(L)  - E,], although it would 
affect E(L)  and E ,  individually. On the other hand, this 
simple profile cannot model competing A and B adsorp- 
tion. 

An alternative form for Eint(L) can be obtained by sub- 
tracting from eq 2.4 terms that depend only on ~ B ( x ) ,  
i.e., are independent of L, giving 

Eii,(L) = 

Pos JLdX ( X S A [ & ( ~ )  $A(x) - (~*/6)d~’s(x)$’~(x)] + 
[XAB - xsBl[d’A(x) ‘#)B(x) - (U2/6)4) ’~(X)  4’B(x)]} (2.6) 

This shows that the effects of the surface depend on 
the difference (XAB - XSB) and not on XAB and XSB indi- 
vidually. This difference is analogous to the differential 
adsorption parameter, XS, of lattice theories of polymer 
a d ~ o r p t i o n . ~ ~  

The profiles @A(x) and &,(x), as well as the other terms 
in E(L) ,  are calculated by solving self-consistent diffu- 
sion equations for the polymer distribution functions. 
Three such functions are needed, which we label qo(x,t), 
q l ( x , t ) ,  and q l ( x , t )  and which satisfy 

All the qi’s are subject to the same boundary conditions 

q,(O,t) = q,(L,t)  = 0 (2.8) 
but different initial conditions 

q,(x,O) = 1 (2.9) 
(2.10) 

q 2 ( x , 0 )  = - ( L  - all (2.11) 
q1(x,O) = e(a - x )  

From the solutions of eqs 2.7-2.11 the local polymer 

(2.12) 

volume fraction is constructed via 

@A(X) = @AI(X) + @A2(x)  

with 

for i = 1 and 2. Here $A is the overall volume fraction 
of the A-type monomers in the region, which for a given 
surface area per joint, 8, varies inversely with L,  

(2.14) 

and 

(2.15) 1 L  (qi(ZA)) ZA) dx 

is the average of ql(x,zA) over the region. This also appears 
in eq 2.2 for E(L).  

We interpret ~ A I ( X )  as the volume fraction of polymer 
A at the point x due to the molecules attached to sur- 
face i. The functions q l ( x , t )  and q p ( x , t )  are proportional 
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PSISOLVENT 
X i 0.50 z =  200 - 

300 ............ = 43 "ma 
400 
580 
700 _____. 

to00 --- 

2 zA +A(x)ac /d f  q, (x , t )qo(x ,z , - t )  
i=* 

Figure 2. Calculation of polymer density from the convolu- 
tion of the probability functions. 
to the probability that a section of the molecule of length 
t ends a t  x given that it begins somewhere in the inter- 
phase regions 1 and 2, respectively; qo(X,ZA-t) is propor- 
tional to the probability that a section of length ZA - t 
ends at x given that it begins somewhere between the 
surfaces. The convolution, eq 2.13, is illustrated sche- 
matically in Figure 2. 

To solve the diffusion equation for each qi, the self- 
consistent potential W A ( X )  is needed. It is given by 

- - " 
8 
g 0.2 - c 

('Jz/6)@''B(X)I + XAS[(@S(x) - @Sm) - ( '$Ab) - '$ ") + 

(0'/6)[(4''s(~) -4"s") - (@"A(X) - '$"A")]] (2.16) 

Here the superscript "m" implies the value of the func- 
tion evaluated at the midpoint of the region, for exam- 
ple, '$p = @s(x=L/2). The overall level of the potential 
is arbitrary; W A ~  can be any convenient value. As in eq 
2.6, only the difference (XAB - XSB) is significant. 

The quantity (QI(zA)) is related to the entropy of a 
chain. However, the interpretation is complicated by the 
fact that ita value depends on W A ~ .  (The value of the 
free energy does not, because of a corresponding depen- 
dence of the second term of eq 2.2.) If W A ~  is chosen so 
that 

s,"b wA(x) '$Ab) = 0 

1 

(2.17) 

then (q l (zA) )  is the mean-field chain entropy. 
We need to know W A ( X )  in order to solve the diffusion 

equation and then calculate @A(*.) from eqs 2.3, 2.5, and 
2.7-2.15. However all the @.(x) values are needed in order 
to calculate WA(X) .  Hence the problem must he solved 
self-consistently for each surface separation. Our proce- 
dure is described in Appendix A. Once a converged solu- 
tion is obtained, E(L) is calculated from eqs 2.2,2.6, and 
2.15. 

3. Adsorbed Copolymers: Polymer Profiles at 
One Surface 

3.1. General Results. We begin by considering poly- 
mer profiles when there is only one surface present. In 

PWSOLVENT 

x = 0.40 z =  200 ~ 

300 ............. E=43nm2 
400 
580 
700 _ _ _ _ _ _  . 

DISTANCE FROM SURFACE (nm) 

Figure 3. Polymer profiles as a function of the degree of ply-  
merization of PS (dangling block) Z, for Z = 43 nm2 and x = 
0.5 (near4 solvent). Figures 3-13 were calculated assuming 
that the polymer chain has Kuhn statistical length b and pure- 
component density POA corresponding to PS and that the sol- 
vent has pure-component density pos corresponding to 
cyclohexane." These specific choices have quantitative but not 
qualitative effects. In all cases, the profiles rise from zero to a 
maximum which is a finite distance from the surface. This is 
followed by a decrease, which is initially approximately para- 
bolic but evolves into a smooth, extended "tail". 

DISTANCE FROM SURFACE (nm) 

Figure 4. Polymer profiles as a function of Z for Z = 43 nm2 
and x = 0.4 (better than 0 solvent). See the caption to Figure 
3 for more details. 

the current formalism, this corresponds to L - -. Except 
in subsection 3.3, all results in this section are for the 
case of PS blocks in a solvent whose pure-component den- 
sity, pas, is the same as that of cyclohexane. This choice 
enters the calculation through the value of the Kuhn sta- 
tistical length, which we take to be 0.71 nm," and through 
the mean-field potential W A ( X ) ;  for this case pos = 
l.lp0~.41.4Z Changing these parameters would have quan- 
titative, but not qualitative, effects. In this paper we 
ignore any difference in surface affinity of the PS and 
the solvent, choosing XAB = XSB or, in terms of the dif- 
ferential adsorption parameter, xs = 0. 

Figures 3-9 show polymer profiles, @A(x), for good, 8, 
and poor solvents, low to high molecular weight, and low 
to high surface coverage. Not shown are the profiles of 
the adsorbed hlock, @B(x), decreasing from unity at the 
surface to zero at about 2.5 nm from the surface in accord 
with eq 2.5, and of the solvent, @s(x) = 1 - @A(x) - '$B(x). 
Since in this section we are interested in the profile of 
only the A polymer, we simplify the notation by drop- 
ping the subscripts and denote the Flory parameter XAS 
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Figure 5. Polymer profiles as a function of Z for Z = 43 nm* 
and x = 0.6 (worse than 8 solvent). See the caption to Figure 
3 for more details. 
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Figure 6. Polymer profiles as a function of Z for Z = 580 and 
x = 0.5 (near-8 solvent). See the caption to Figure 3 for more 
details. 
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Figure 7. Polymer profiles as a function of Z for 2 = 580 and 
x = 0.4 (better than 8 solvent). See the caption to Figure 3 for 
more details. 
simply by x. 

The most important general conclusion to be drawn 
from these figures is that in all cases the density profiles 
are qualitatively the same, rising from zero to a maxi- 
mum value @ma= and then decreasing toward and even- 
tually returning to zero in a smooth and extended "tail- 
like" region. The initial rise is analogous to the deple- 
tion region of the AdeG model. The decrease that follows 

0.3 
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Figure 8. Polymer profiles as a function of Z for Z = 580 and 
x = 0.6 (worse than 8 solvent). See the caption to Figure 3 for 
more details. 
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Figure 9. Polymer profiles as a function of solvent quality for 
2 = 580 and L: = 43 nm2. See the caption to Figure 3 for more 
details. 

is initially at  least approximately parabolic, as in the MWC 
model but in contrast to the step function profile of the 
AdeG model. However, the profiles evolve into extended 
tails, returning smoothly to zero with a continuous deriv- 
ative. 

Figures 3-5 show the effects of the degree of polymer- 
ization of the PS block for an average surface area per 
graft of Z = 43 nm2. (This is the best value for the exper- 
iments of Hadziioannou et aL,4 which are discussed below.) 
Figure 3 is for the near-6 solvent, x = 0.5. For small 2, 
e.g., 2 = 200, the distribution rises from zero at  the sur- 
face to dmar a t  x 3: 5 nm and then immediately begins 
to decrease, tailing off to zero at  x 20 nm. As 2 is 
increased, both $ m u  and its distance from the surface 
increase by small amounts. The maximum broadens, and 
the tail extends farther out. 

Figure 4 shows similar results but for a good solvent, 
with x = 0.4. (We were unable to obtain a converged 
self-consistent solution for 2 = 1000 for these values of 
x and 2.) The profiles are similar to those of Figure 3 
but differ quantitatively in two ways. First, for a given 
2 (and Z), the spatial extent of the profile is increased, 
and @mar is correspondingly decreased. Second, there is 
less variation in the value and location of @ m u  with 2. 

Figure 5 illustrates results for a poor solvent, with x 
= 0.6. For the small values of 2, the profiles are similar 
to those of Figures 3 and 4, except that the spatial extent 
of each profile is reduced and is correspondingly 
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increased. For large 2, a small plateaulike region is begin- 
ning to form. The value and location of 4max vary more 
than for the case x = 0.5. 

Figures 6-8 illustrate the effects of varying the graft 
density (Z-1) for the case 2 = 580. (This corresponds to 
PS blocks used in experiments of Hadziioannou et al.4) 
In Figure 6, for which x = 0.5, for large 2 the profile is 
low and very broad, with a tail that extends over nearly 
the entire profile. As the surface density increases ( 2  
decreases), increases, but its location remains nearly 
constant. This differs from the variation of the size of 
the depletion layer predicted by AdeG. The maximum 
extent appears to be nearly independent of 2 for Z 2 
100 nm2 but begins to increase as Z is reduced below 
about 80 nm2. Comparing Figures 3 and 6 shows that 
the effects of increasing 2 are qualitatively similar to those 
of decreasing 2.  This is not surprising, since the inter- 
penetration of neighboring molecules is characterized by 
the ratio Zc/Z, which is proportional to Z/Z. 

The corresponding profiles in good solvent, x = 0.4, 
are shown in Figure 7. For each value of 2,  the profiles 
are more extended than those in the 8 solvent, consis- 
tent with Figures 3 and 4. As was the case when x = 0.5, 

increases as Z decreases, but its location is nearly 
constant. In contrast to the 8 solvent, in this case the 
maximum spatial extent depends on Z for all the values 
of 2.  Finally, decreasing 2 has a similar effect as increas- 
ing 2, as for the 8 solvent case. 

The corresponding profiles in worse than 8 solvent, x 
= 0.6, are shown in Figure 8. They are of course higher 
and less extended than the two previous cases, and again 
+mar increases as Z decreases. Note that in this case the 
spatial extent does not begin to increase with decreasing 
Z until Z < 60 nm2. Again, decreasing 2 and increasing 
Z have similar effects, including inducing a small pla- 
teau region. 

Finally, Figure 9 highlights the variation of the pro- 
files with solvent quality for Z = 580 and 2 = 43 nm2. 
(The three profiles corresponding to x = 0.5,0.4, and 0.6 
are the same as those in Figures 3-5.) There is a large 
change from the relatively compact profile in the bad 
solvent through to the extended profile in the good sol- 
vent. In all cases, 4max is about 8 nm from the surface, 
and the tail region extends over a significant range. 

Muthukumar and Ho30 have performed similar self- 
consistent-field calculations. In their work the effective 
interaction was described by the excluded-volume param- 
eter rather than the more complete description as in eq 
2.16. Also, rather than using specific material parame- 
ters, Le., the Kuhn statistical length and reference den- 
sities PO&, they took the polymer monomer and solvent 
molecule volumes to be equal. This precludes quantita- 
tive comparison with specific experiments. However, they 
did include a van der Waals interaction with the sur- 
faces. For the cases that they considered, the number of 
eigenfunctions that they used in their expansions was 
much less than we needed when we considered large 
degrees of polymerization and surface separations. They 
also discretized space using a coarser grid than we found 
was necessary to achieve sufficient precision in the tails 
of the profiles. 

Their calculated profiles agree qualitatively with ours. 
The density rises from zero a t  the surface to a maximum 
and then returns to zero over a distance that depends on 
the degree of polymerization, surface coverage, and sol- 
vent quality. Relative to 0 conditions, the positive exclud- 
ed-volume interaction broadens and lowers the profiles, 
whereas in a worse than 8 solvent the profile sharpens. 
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Figure 10. Value of the maximum in the polymer density, c$-, 
as a function of 2 for Z = 43 nm2 and different solvent quali- 
ties, x = 0.4, 0.5, and 0.6. The values are the peak values in 
Figures 3-5. In the calculations for this figure, the ratio Z/& 
varies approximately from 0.03 (high 2) to 0.15 (low Z) for good 
solvent, from 0.1 to  0.5 for 8 solvent, and from >0.1 to >0.5 for 
poor solvent. See the caption to Figure 3 for more details. 

The profiles also depend sensitively on surface affinity, 
an effect that is beyond the scope of the current paper. 

Cosgrove et al.2929 performed self-consistent-field the- 
ory and Monte Carlo calculations for these systems. Like 
Muthukumar and Ho,~O they considered the effects of 
surface affinity, along with solvent quality, surface cov- 
erage, and molecular weight. Their calculated density 
profiles are qualitatively very similar to ours except that 
the maximum in each profile occurs much closer to the 
surface. For their self-consistent calculations, they 
extended the lattice model developed by Scheutjens, Fleer, 
and co-workers in their extensive work on polymer 
a d s o r p t i ~ n . ~ ~ ~ ~ . ~  The polymer distribution functions were 
obtained by inverting a large matrix, the size of which is 
determined by the number of lattice spacings between 
the two surfaces. The effective Kuhn length and the mono- 
mer volume POA are directly coupled to the lattice con- 
stant and hence are not independently taken from exper- 
iment. The results depend quantitatively on the lattice 
used, in particular, near the surface. 

Finally, Murat and Grest31 have recently published a 
molecular dynamics study of the two-surface geometry, 
for grafted chains with 2 = 50 and 100. These are shorter 
than any of the chains used in this paper. They used a 
bend and spring model of the polymers, with monomers 
interacting via a shifted short-range Lennard-Jones poten- 
tial, which is purely repulsive. Thus the simulations are 
for the good solvent regime. However, as in the work of 
Muthukumar and Ho30 and Cosgrove et al.,2729 full quan- 
titative modeling of specific polymer/solvent systems is 
not done. Qualitatively, their calculated profiles are sim- 
ilar to ours. The density rises from zero a t  the surface 
to a maximum and then decreases as a quasi-parabola, 
evolving into a tail. 

3.2. Quantitative Analysis. In this section we ana- 
lyze our numerical results and compare with the scaling 
results presented earlier for the two limits. We focus on 
three characterizations of the polymer profiles: the max- 
imum volume fraction, and two measures of the 
layer thickness. 

Consider first rjmax. Figures 10 and 11, which are con- 
structed from the profiles of Figures 3-8, show the increase 
in &,ax with increasing 2, decreasing Z, and increasing 
x. In order to make contact between these results and 
the earlier work on the limiting cases, we express our 
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vent, the power varies from about unity a t  large Z to 
about '12 at  small 2, and for the good solvent, i t  varies 
from about 0.85 to '13. The specific values depend quan- 
titatively on the choice of 2 = 580, but the trends indi- 
cated are more general. Comparing these with the expected 
limits, for the good solvent case our value of d ?I! at  
small Z agrees with the AdeG and MWC models and our 
value of d = 0.85 at  the largest Z is approaching the iso- 
lated chain value of unity. For the 8 solvent, a t  each 
value of Z the exponent "d" is slightly less that it is for 
the same Z in the good solvent. Because we were able 
to obtain solutions to smaller Z for the 8 solvent, we 
were able to push the calculation to a regime of even 
weaker dependence, reaching d = 0.5 a t  Z = 20 nm2. For 
the bad solvent case, we have a particularly interesting 
result: a t  large Z the power is greater than unity. This 
is discussed below in conjunction with the brush thick- 
ness. 

Finally, from the figures in this section it is readily 
seen that as x is increased from 0.4 to 0.6 &,,, increases 
by as much as a factor of about 4. This dependence on 
solvent agrees qualitatively with the predictions of MWC. 
However, we found no simple exponential or power law 
dependence of dmax on x. Recalling the prediction of 
MWC for the good solvent case, eq 1.3, we also looked 
for a simple dependence on the excluded-volume param- 
eter, which in our case corresponds to 

(3.1) w = -(1- 2x) 

We found no simple functional dependence of dmax on 
w, power law, or exponential. In particular, for the two 
good solvent cases, x = 0.45 and 0.4, our calculated 
varied much more slowly with w than is implied by w1/3. 
(The w1l3 scaling may still apply for very good solvents 
a t  high molecular weight.) 

Turning next to the thickness of the brush, we char- 
acterize it by the root-mean-squared thickness, ( x ~ ) ' / ~ ,  
and by its total thickness, xmax. The two characteriza- 
tions emphasize different parts of the profiles. Because 
the density vanishes continuously, an operational defi- 
nition of Xmax must be chosen; we define it to be the dis- 
tance from the surface such that the region [O,xmax] con- 
tains 99% of the profile. It is worth noting that this inter- 
val does not include all of the tail. For example, for the 
specific case x = 0.5, 2 = 580, and Z = 43 nm2, Xmax = 
30.5 nm. By comparison, when the related quantity x ' , ~  
is defined as the distance such that 99.9% of the profile 
is included, then in this case dmax = 36.8 nm. This rather 
small fraction of the entire profile (0.9%) extends over a 
distance of 6 nm. On the scale in Figure 3, the profile is 
actually visible out to about 34 nm. 

Our calculated values are shown in Figures 12 and 13. 
From Figure 12 we see that they both increase with increas- 
ing 2, again approximately as power laws. In the worse 
than 8 solvent, x,,, varies slightly more slowly with 2 
than does ( x ~ ) ' / ~ .  However, in the other two solvents 
the two characterizations scale approximately together. 
This implies that the main body of the profile scales in 
much the same way as does the total profile (to the extent 
that xmax includes the tail.) In the following discussion 
we need not distinguish between them. 

For Z = 43 nm2, in the worse than 8 solvent the scal- 
ing with 2, Le., the power "a" in eq 3.9, varies from about 
' 1 3  for small 2 to about 3/5 a t  large 2; in the 8 solvent it 
varies from about 0.55 to 4 /5 ,  and in the better than 8 
solvent, from about 2 / 3  to just over * / 5 .  Once again, for 
the 8 and better than 8 solvents, the powers are tending 
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Figure 11. Value of the maximum in the polymer density, $", 
as a function of Z for Z = 580 and different solvent qualities, x 
= 0.4, 0.5, and 0.6. The values are the peak values in Figures 
6-8. In these calculations Z/& varies approximately from 0.04 
(low 2 )  to 0.5 (high Z) for good solvent, from 0.1 to 1 for 0 sol- 
vent, and from >0.1 to >1 for poor solvent. See the caption to 
Figure 3 for more details. 
results as power laws as in eqs 1.1 and 1.2 but note that 
this is only approximately correct and that powers 
extracted in this way are expected to vary over the range 
of the parameters. We include in Tables I and I1 the 
values of the exponents we find at  the highest and low- 
est coverage that we have investigated, for direct com- 
parison with the predicted values. The limiting values 
of Z/Zc used in the calculations are included in the cap- 
tions to Figures 10 and 11. 

To interpret the results, we first identify the "thresh- 
old" surface coverage for each solvent quality. In Figure 
10, for which Z = 43 nm2, ZC = Z at  2 N 50 in good sol- 
vent, 2 N 100 in 8 solvent, and 2 > 100 in the bad sol- 
vent. Since 2 >- 200 for all calculations shown in Figure 
10, they are all for Z < Zc, except perhaps for some cal- 
culations for the case x = 0.6. In Figure 11, for which 2 
= 580, we have ZC N 1000 nm2 for a good solvent, ZC 
300 nm2 for a 8 solvent, and ZC < 300 nm2 for a poor 
solvent. Since the calculations include values of Z as high 
as 400 nm2, for the poor solvent case in particular we are 
clearly extending into the regime Z N ZC. We do so 
because of an interesting qualitative effect that emerges. 

Turning to the results, the variation of 4max with 2, 
shown explicitly in Figure 10, depends quantitatively on 
the value of x but is in all cases relatively weak. Specif- 
ically, for x = 0.6, as 2 is increased by a factor of 5, #max 
increases by about a factor of 2. For the 8 solvent, the 
increase is about 50%, and for x = 0.4, it is only about 
20 ?i' . 

In terms of the approximate power law dependence, 
the exponent "c" in eq 1.2 ranges from about "3 for small 
2 to ' 1 8  for large 2 for the case x = 0.6, from about ' 1 3  

to to less than 
'115 in the good solvent. A t  both the highest and lowest 
degrees of polymerization for which we have results, these 
powers are still changing, apparently approaching the lim- 
iting values. However, &,,, has not yet saturated even 
for 2 > 700, although it has nearly done so for the good 
solvent case. 

The dependence of @ma, on Z is shown in Figure 11. 
For the bad solvent, the inverse power, "d" in eq 1.2, is 
about 5/4  for large Z, but for Z < 100 nm2 the depen- 
dence weakens, with d N a t  Z = 20 nm2. As noted 
above, in the vicinity of 2; N 300 nm2, the quantitative 
results should not be considered reliable. In the 0 sol- 

for the 8 solvent, and from about 
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dominate, and they begin to stretch out again. The net 
effect is a nonmonotonic dependence of the layer thick- 
ness on 2,  as indicated in Figure 13. 

Zd 
with d > 1 for certain large values of Z. This is due to 
this same effect. If the individual chain profiles were 
independent of surface coverage, then as the number of 
chains per unit area is increased, 4" would scale as Z-I. 
However, since in this case the individual chains begin 
to contract toward the surface, the maximum polymer 
density associated each chain increases. This leads to 
this stronger dependence of 4max on Z. 

Finally, Figure 13 also illustrates the increase in layer 
thickness with improving solvent quality for 2 = 580 and 
for Z ranging from 40 nm2 to 400 nm2. As was the case 
for we found no simple functional dependence of 
either (x2)1/2 or x,,, on either x or the excluded-volume 
parameter w. 

For good and 0 solvents and in the limit of high molec- 
ular weight, our density profiles would approach the parab- 
olas predicted by MWC. In this limit the two "adjust- 
ment" regions become negligible compared with the rest 
of the parabolic profile. However, in each case that we 
have considered, the length of the tail is significant; for 
example, in the case considered explicitly above, about 
1% of the total layer is contained in the last -20% of 
the profile extent. Furthermore, even the  quasi- 
parabolic part of the profiles (Le., without the tails) scales 
more slowly than as predicted by AdeG and MWC. 
Instead, its dependence varies from approximately (x2)l/2 
0: ZY in the low-coverage regime toward (x2)1/2 0: 2 in 
the high-coverage regime. 

3.3. Experimental Comparison. We end this sec- 
tion by discussing the experiments on polymer profiles 
at  single surfaces, mentioned in the Introduction. In the 
SANS study of triblock PEO-b-PPO-b-PEO copolymers 
adsorbed on PS latex in water, the PPO adsorbs, and 
the two end blocks extend into solution.' Two samples 
were used, in each of which the degree of polymerization 
of the central block was 56, whereas the end PEO blocks 
had degrees of polymerization of 32 and 140, respec- 
tively. In each case the profiles had extended tails, sim- 
ilar to what we predict. The higher molecular weight 
PEO blocks extended about twice as far into the water 
as the lower molecular weight blocks. Since the ratio of 
the molecular weights is 140/32 = 4.5, this corresponds 
roughly to an effective scaling, folding in variations in Z, 
of x,,, 0: Z p ~ o l / ~ .  

We can understand this scaling on the basis of the cur- 
rent work (assuming that any competing adsorption of 
PEO does not play a significant role). From the pub- 
lished density profiles, we estimate that the average sur- 
face area per dangling block is Z = 2 nm2 for the ZPEO 
= 32 case and Z = 6 nm2 for the other one. Since this 
is a better than 0 solvent with x = 0.45,4l the scaling 
exponent for the isolated chain, u, should be between 
and 3/5,  leading to the conclusion that Z/Zc N 1 for both 
cases. This is the low-coverage regime, in which the brush 
thickness should scale approximately as [ZPEO]"/ Zb with 
a >, u and b >, 0, (see Figures 17 and 18 and Table I). 
Together, these imply an effective scaling of xmar 0: 
[zpEOla', with a' 5 u,  which agrees with the experiments. 

As a check of this physical picture, we have performed 
self-consistent calculations for these cases, choosing val- 
ues for 2,  2pE0, and x as above and with the appropri- 
ate monomer volumes for PEO and water.41 Although 
these should not be considered quantitatively reliable in 
this low-coverage regime, the calculated values of ( x 2 )  1/2, 

We noted above that, in the poor solvent, 4max 
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Figure 12. Root-mean-squared layer thickness, (x2)1 /2 ,  and 
maximum extent of the profile as characterized by 3~,,,,,, as a 
function of Z for Z = 43 nm2 and x = 0.4,0.5, and 0.6. In these 
calculations Z/Zc varies over the same ranges as in Figure 10. 
See the caption to Figure 3 for more details. 
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Figure 13. Root-mean-squared layer thickness, (x2)1/2,  and 
maximum extent of the profile as characterized by xmax, as a 
function of Z for Z = 580 and x = 0.4, 0.5, and 0.6. In these 
calculations Z/Zc varies over the same ranges as in Figure 11. 
See the caption to Figure 3 for more details. 

toward the limits of v a t  small 2 and unity a t  large 2. 
Figure 13 shows the variation with Z for the case 2 = 

580. For the good and 0 solvents, the results are as would 
be expected. At large Z, the thickness is nearly indepen- 
dent of Z, so the corresponding power, "b" in eq 3.9, is 
nearly zero. However, below Z - ZC the chains begin 
to stretch away from the surface. For the good solvent 
case, we obtain the value b = 0.3 at Z = 40 nm2, very 
close to the limiting value of ll3. For the 0 solvent, a t  
each value of Z the scaling is slightly weaker with the 
power reaching b = 0.25 at  Z = 20 nm2. 

For the worse than 0 solvent, a qualitatively different 
result emerges, namely that, for certain large values of 
Z, the thickness is an increasing function of E. This vari- 
ation can be understood physically as follows. For very 
large Z, the isolated chains are independent of one another. 
In a good solvent, as the graft density increases and neigh- 
boring chains begin to encounter one another, they begin 
to stretch away from the surface because of the favor- 
able polymer/solvent interactions. However, in a poor 
solvent the opposite occurs; because of the unfavorable 
interactions it is initially advantageous for the chains to 
retract toward the surface. As Z is further reduced, the 
chains continue to retract until the crowding begins to 
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xmax, and X'max for the higher molecular weight case are 
all larger by a factor of 2.20 f 0.05 than they are for the 
lower molecular weight case. This corresponds to an effec- 
tive scaling exponent of a' N 0.53, in reasonable agree- 
ment with the experiments and consistent with the above 
picture. 

Finally, we note again that Killmann et  al.3 measured 
the hydrodynamic thickness of a PEO-b-PPO-b-PEO 
coated latex, finding it to scale as Zp~00.55, consistent 
with the results of Cosgrove et al.,I and much slower than 
linear scaling. 

4. Long-Range Forces between Surfaces with 
Adsorbed Copolymers 

4.1. Introduction. In this section we calculate and 
analyze the long-range forces both for model systems and 
for systems that have been studied experimentally in the 
Israelachvili surface force apparatus. 

Hadziioannou et al.4 measured forces for a system of 
PV2P-b-PS and cyclohexane. Cyclohexane is a poor sol- 
vent for PV2P, which adsorbs onto the mica surface, 
whereas the PS extends in solution. To interpret these 
measurements, Pate1 et  al.14 modeled the PS using the 
AdeG scaling theory but ignored the outer tail region. 
Since the range of the force, which we label L,,,, is twice 
the thickness of a single layer, it scales as L,, a xmaX a 
Z/21/3.  They further assumed that, as the surfaces are 
brought together, the polymer brushes retract uniformly 
with no interdigitation. This implies that all character- 
izations of the thickness of the profile, e.g., both (x2)lI2 
and x,,. in our notation, decrease linearly with surface 
separation, L. The force was calculated from the changes 
in the osmotic pressure and the elastic free energy of the 
compressed brushes. There are two undetermined con- 
stants, associated with the contributions of these terms. 

MWC performed a similar calculation using the para- 
bolic p r o f i l e ~ . ~ * J ~ J ~  As in the above work, they ignored 
the tails of the profiles and interdigitation, requiring that 
the layers retract uniformly as a linear function of L,  which 
in turn implies that the polymer density midway between 
the two surfaces remains equal to zero. Again, the range 
of the force scales as L,,, a Z/W3. However, the par- 
abolic profile is softer than the step function, which leads 
to a softer force curve. They later included polydisper- 
sity effects but still ignored the tails in the profiles and 
interdigi ta t i~n. '~J~ 

Both these models refer to the high molecular weight, 
high surface coverage limits in good solvent. In the rest 
of this section, we first present a series of force curves 
which we have calculated for the model system used in 
section 3 over a range of 2, Z, and x. We then calculate 
the force curves for good, 8, and slightly bad solvent sys- 
tems which have been studied experimentally. We com- 
pare the quantitative theoretical and experimental results, 
looking a t  the magnitude of the force at  each separation, 
the scaling of L,,, with molecular weight and Z, and the 
detailed shape of the force curves. We go on to study 
the interdigitation and deformation of the profiles as the 
surfaces are brought together and relate these changes 
to the forces at  each separation. In particular, we exam- 
ine the relationship between the measured range of the 
force and the thickness of the brush. 

We end here by noting that Muthukumar and H030 
and Murat and Grest31 also calculated model force curves, 
finding results, including interdigitation, qualitatively sim- 
ilar to ours. 

4.2. Model Calculations. In this section we calcu- 
late force curves for the model system used in section 3. 
The grafted polymer chain corresponds to PS and the 
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Figure 16. Calculated long-range forces, FIR,  for the model 
system with I: = 43 nm* and x = 0.6 for different 2. See the 
caption to Figure 14 for more details. 
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Figure 17. Calculated long-range forces, FIR,  for the model 
system with 2 = 580 and x = 0.5 for different 2. See the cap- 
tion to Figure 14 for more details. 

of x, L,,, decreases for progressively worse solvents. 
Figures 15 and 16 show the effects of varying 2 for 

both near-8 and worse than 8 solvents. In each case, 
the range of the force increases with increasing 2. For 
the case x = 0.5, Figure 15, the force curve steepens as 2 
is decreased. In the poor solvent, Figure 16, the shape 
of the repulsive part of the curve is qualitatively unchanged, 
but the depth and location of the minimum increase with 
increasing 2. 

Finally, in Figure 17 we see the effects of changing the 
surface coverage, V, for the case 2 = 580 and x = 0.5. 
The main effect is to increase the range of the force; the 
shape is qualitatively unaltered, except that it becomes 
less steep as Z is increased. 

4.3. Experimental Comparison. In this section we 
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Figure 18. Long-range forces, FIR,  for adsorbed PEO-b-PS in 
toluene, which is a good solvent for the PS. The lines are param- 
eter-free calculations, and the points are the experimental val- 
ues of Marra and Hair.9 Values for 2 and Z are taken from the 
experiments; standard values were used for x ,  the Kuhn statis- 
tical length b, and pure-component densities pos and ~ ~ ~ . ~ ~ 9 ~ ~  
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Figure 19. Long-range force, FIR,  for adsorbed PEO-b-PS in 
toluene, the same as Figure 18 but replotted on a log-log plot. 
The lines are the calculations, and the points are the experi- 
mental values of Marra and Hair.9 

choose the values of 2, Z, PS Kuhn length b = 0.71 nm, 
and reference densities pos and ~ O A  to correspond to the 
 experiment^.^^^^^ Thus this comparison provides a param- 
eter-free test of the theory, including the use of the mean- 
field approximation. 

We focus on two sets of experiments, summarized in 
Figures 18-22. The first set is for good solvent condi- 
tions, and the second is for 8 and slightly worse than 8 
solvents. In these figures, the curves are the theoretical 
results, and the experimental results are indicated by 
points. At the end of this section, we make brief com- 
parisons with other measured force curves. 

For good solvent conditions, we use the experiments 
of Marra and Hair, which are for PEO-b-PS in toluene 
at  room temperature.9 Toluene is a bad solvent for PEO 
and a good solvent for PS, and hence the PEO adsorbs 
onto the surfaces. Three sets of copolymers were used; 
we make detailed comparisons for the two lower molec- 
ular weight sets and discuss the other set at  the end of 
section 4.4 after we have discussed general scaling results. 
In the first set, the molecular weights of the blocks were 
18 000 for the PEO and 90 000 for the PS; in the second, 
they were 8000 for the PEO and 92 000 for the PS. These 
experiments thus probed most directly effects of varying 
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Figure 20. Long-range force, FIR,  for adsorbed PEO-b-PS in 
toluene, the same as Figures 18 and 19 but replotted on a semilog 
plot. The lines are the calculations, and the points are the exper- 
imental values of Marra and Hair.9 
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Figure 21. Long-range force, FIR,  for adsorbed PVPP-b-PS 
in cyclohexane just above Te. The lines are the calculations, 
and the points are the experimental values of Hadziioannou et 
al.4 Values for 2 and Z are taken from the experiments; stan- 
dard values were used for x, the Kuhn length b, and pure-com- 
ponent densities pos and p0A.41842 

surface coverage, in the good solvent system. 
In making quantitative comparison with experiment, 

four quantities are needed. The first two are the molec- 
ular weight of the PS block and the related polydisper- 
sity. The above molecular weights correspond to num- 
ber average degrees of polymerization of ZPS = 850 for 
the 18/90 sample and ZPS = 890 for the 8/92 sample. 
The polydispersity ratio was estimated to be Mw/MN = 
1.4. In our calculations we have used these values for 2 
and ignored polydispersity. Next, the measured cover- 
ages correspond to Z = 210 f 40 nm2 for the 18/90 sam- 
ple and Z = 75 f 15 nm2 for the other. Finally, we use 
x = 0.44.41 

There is an additional effect that we have not included, 
which is the variation of x with polymer volume frac- 
tion. This could be incorporated in two ways. First, as 
the surface separation changes, the average polymer vol- 
ume fraction between the surfaces changes. Second, for 
a given surface separation the polymer density is non- 
uniform. We could obtain arbitrarily good agreement with 
experiment if we chose to fit x but then would not have 
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Figure 22. Long-range force, FIR,  for adsorbed PV2P-6-PS 
in cyclohexane below Te. The lines are the calculations, and 
the points are the experimental values of Hadziioannou et al.4 
Values for 2 and 2 are taken from the experiments; standard 
values were used for x, the Kuhn length b, and pure- 
component densities POS and ~ ~ ~ . ~ ~ 9 ~ ~  

an independent test of the theory. We also feel that it 
would be unwarranted given the uncertainty in the other 
experimental parameters, in particular 2.  Instead, we 
decided to use the simplest physical picture of the sys- 
tem, Le., ignore polydispersity and possible variations in 
x, as the test of the calculations. 

Our results are shown first in Figure 18. Given that 
there are no fitted parameters in the calculations, we con- 
sider the overall agreement with experiment to be rather 
satisfying over the full range of L ,  in particular for the 
18/90 sample. 

As a further test of the calculations, we have replot- 
ted the data of Figure 18 twice, first in Figure 19 as a 
log-log plot and then in Figure 20 as a semilog plot. These 
figures indicate that for the 18/90 sample our calcula- 
tions underestimate the range of the force by about 10 
nm. There are a t  least two possible sources of this dis- 
crepancy, the first of which is polydispersity. As noted 
earlier, MWC18J9 included this in their model, finding 
the largest corrections to the force to occur at  large sep- 
aration; i.e., L N L,,,. The polydisperse brush is pre- 
dicted to be thicker than the monodisperse brush by a 
factor of order ( f i w / M ~  - 1)ll2, which is more than enough 
to account for the current discrepancy. Alternatively, 
we note that at  these separations the force is due largely 
to the interpenetrating tails of the opposing profiles, and 
as we noted above it may be that mean-field theory does 
not provide a quantitatively reliable description of them. 
On the other hand, the results for the 8/92 sample are 
very good for large L. 

If, as previous theoretical work and consequent exper- 
imental analyses have suggested, the force varies as a power 
of surface separation, then the data should lie along a 
straight line on Figure 19. It is clear that this is the case 
for neither the experimental points nor our theoretical 
results, except over very limited ranges of L. 

By contrast, on the semilogarithmic plot of Figure 20 
the theoretical and experimental results are nearly straight 
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lines over the full range of L,  implying that the forces 
are very nearly exponential functions of surface separa- 
tion. The slight deviation from simple exponential behav- 
ior can be used to make a further theoretical-experimen- 
tal comparison. Looking first a t  the theoretical curves, 
for the 18/90 case there is nonzero curvature, which is 
positive at  small L and changes to negative at  L N 35 
nm. For the 8/92 case the curvature is nearly zero for 
small L,  becoming negative a t  L N 60 nm. In the exper- 
imental results, for the 18/90 sample the curvature appears 
to change from positive to negative at  L N 40 nm, and 
for the 8/92 sample, it is a t  least very close to zero for 
small L,  probably becoming negative at  L N 60 nm. Even 
for this good solvent system, where one might have 
expected mean-field theory to be inadequate, the detailed 
shapes of the force curves agree to within the experimen- 
tal error. 

Turning to the 8 and slightly worse than 8 solvents, 
the experimental results of Hadziioannou et al.4 are repro- 
duced in Figures 21 and 22. As mentioned, the system 
consisted of PV2P-b-PS diblock copolymers and cyclo- 
hexane, with tightly adsorbed PV2P blocks. The num- 
ber-average degree of polymerization of the PS was 580, 
with polydispersity estimated to be Mw/MN N 1.09. In 
the calculations we chose 2 = 580 and again ignored poly- 
dispersity. The average area per polymer was estimated 
to be 2 N 43 nm2, on the basis of the assumption that 
the PV2P was densely packed on each surface and fur- 
ther that each PV2P block adsorbed as a fully collapsed 
sphere. I t  should be noted that the detailed results depend 
on this assumption: if the adsorbed copolymer layer was 
more complicated (e.g., bilayers) or if the adsorption was 
not complete (e.g., micelles remaining in solution), then 
this could of course affect the measurements. 

Finally, we need to know x, which was not directly mea- 
sured in the experiments. However, cyclohexane is a 8 
solvent for PS at temperature Te = 34.5 "C, and the exper- 
iments were done a t  T = 38 "C, which is 3.5 "C above 
Te, and a t  T = 23 "C, which is 13.5 OC below TO, We 
have, therefore, explored the regime of x N 0.5. 

Figure 21  compares the calculations with the experi- 
mental results for temperature just above To. For this 
calculation we choose x = 0.5, corresponding to a slightly 
better than 8 solvent for finite molecular weight. The 
calculation predicts the onset of the force to occur a t  L,, 
N 45 nm, compared with the experimental value of about 
30 nm. At  smaller separations, the calculated curve passes 
through the experimental points. 

Figure 22 shows the experimental and theoretical results 
for the same system, but at  the lower temperature. Since 
we know only that this is a slightly bad solvent, we show 
results for three reasonable values of x slightly above the 
value of 0.52 for which the attractive well first appears. 
The curve with x = 0.54 gives the overall depth and loca- 
tion of the minimum in very good agreement with exper- 
iment, but the repulsive region is a little too far out. 
Increasing x slightly to 0.55 gives good agreement in the 
repulsive region ( L  I 30 nm), at  the expense of deepen- 
ing the attractive region. In each case there is some dis- 
agreement between our results and the experiments at  
large separation; in the experiments a weak attraction 
appears to extend out to long range. In fact, the range 
of the measured force is greater than that in the slightly 
better than 8 solvent. This suggests the possibility of a 
more complicated structure of the adsorbed molecules 
or possibly bridging. 

4.4. General Force Curves and Scaling in Near-8 
Solvents. In this subsection we focus on the force curves 
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Figure 23. Reduced force, g, as a function of reduced surface 
separation, as defined in eq 4.1, for the model system with x = 
0.5. Each curve represents the rescaling of the calculated force 
curve for the case shown. 

for the particular case of x = 0.5. We extract a function 
that can be used to predict approximately the force curve 
for a range of 2 and Z. We discuss the scaling of the 
range of the force and thickness of the brush with 2 and 
Z and a procedure for determining the brush thickness 
from the measured L,=. Finally, we use our scaling rela- 
tions to map our calculations onto other cases studied 
experimentally. 

We begin by noting that there can be no universal func- 
tion that describes exactly all the force curves, even for 
a particular solvent quality. This follows, for example, 
from the observation that the brush thickness, as char- 
acterized by either ( x 2 )  l I 2  or x,,,, does not scale simply 
with 2 or 2; the appropriate powers vary. Since the range 
of the force is related to the thickness of the brush, this 
in turn implies that it does not scale simply with 2 or 2. 
Therefore, except in the limits of very high or very low 
coverage, we cannot expect to find universal scaling rela- 
tions for L,,,. It  follows that there can be no function 
describing exactly all the force curves. 

We have found, however, an approximate description 
of these forces that is valid for a limited, but fairly exten- 
sive, range of conditions. We did not assume a particu- 
lar functional form; instead, we decided to look for a func- 
tion, labeled g, that would give an approximate descrip- 
tion of the force curves via 

(4.1) 

and to calculate g and corresponding powers that gave 
the best description of the force curves. We found that, 
for the regime 2 5 0.3& the best values of the expo- 
nents are a = 1.4, @ = 1.0, y = 0.7, and 6 = -0.40. The 
degree to which this function is universal for this range 
is indicated in Figure 23, which is constructed by invert- 
ing eq 4.1 for each force curve listed. If eq 4.1 defined a 
completely general function g, then all the curves of Fig- 
ure 23 would coincide exactly. For the various force curves 
mapped onto Figure 23, 2 ranges from 300 to 1000, 2 
varies from 20 to 80 nm2, and the range of the force var- 
ies from about 25 to 95 nm. For these cases, Z/Zc var- 
ies by a factor of 4, from 0.07 to 0.28. Note that this 
does not include all our calculated force curves for x = 
0.5; those cases corresponding to less surface coverage 
than Z: < 0 . 3 2 ~  had to be excluded. I t  is also clear that 
these exponents do not apply to the case of much higher 
coverage (e.g., y - 1 for Z/Zc << 11, although we did not 
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ratio Mw/MN = 1.02. The surface coverage was mea- 
sured to be 3 f 0.5 mg m-2, which corresponds to Z = 78 
nm2 in our notation. Their measured force curves are 
the same shape as found, for example, by Marra and Hairg 
and as we find theoretically, Figure 20, with an onset a t  
L = 130 f 10 nm. There was no measurable difference 
in the force curve when toluene was substituted for xylene. 

In order to map our numerical results for the other 
cases onto this case, we first obtain the appropriate scal- 
ing exponents. Since this is a good solvent, ZC 5: 7000 
nm2. Combining this with the reported value for Z gives 
2/Zc N 0.02. This is well into the limit Z/Zc << 1, and 
so L,,, 0: 27 with y very close to unity. Using this to 
scale the theoretical curve for the 8/92 sample gives for 
this case L,,, N (1250/890)85 nm N 120 nm, which is 
just within the experimental error. Inclusion of polydis- 
persity would presumably slightly increase the calcu- 
lated L,,,. 

In other measurements on PS chains in toluene and 
xylene, they used five different degrees of polymeriza- 
tion ranging from about 250 to 6000.' They found that 
the range of the force scaled approximately as Zo.6 (except 
for the highest molecular weight case) and attributed the 
relatively slow increase with 2 to changes in the surface 
coverage, i.e., to Z-I in our notation. However, our results 
suggest that there is an additional effect, particularly 
toward the low molecular weight end. For the case 2 = 
250, they estimated Z N 80 nm2, giving Z/Zc N 0.2. This 
is well below the high-coverage limit, and on the basis of 
our numerical work as displayed in Figure 23 and Table 
11, in this range we would expect that L,, a 27 with y 
5 2 f 3 even if there were no variation in 2. 

Ansarifar and Luckhama measured force curves for three 
sets of PV2P-b-PBS copolymers in toluene at  tempera- 
ture T = 22 f 2 "C. The PV2P blocks adsorb onto the 
surface, with the PBS blocks extending into the good sol- 
vent toluene. The weight-average molecular weights of 
the copolymers were 33 000, 21 400, and 6200, with the 
corresponding PBS blocks having MW = 30 700, 15 100, 
and 4700, respectively. They found exponential force 
curves, with the onset of the force scaling as Lm, a ZPBSO.~, 
which is consistent with our prediction for relatively low 
molecular weight blocks. They also included the data of 
Hadziioannou et al.,4 concluding that both sets of mea- 
surements, which extend over 2 orders of magnitude in 
degree of polymerization, are consistent with this scal- 
ing. 

We end here by discussing the force measurements of 
Marra and Hair using high molecular weight PEO-b-PS 
 copolymer^.^ In this case Zps N 2400, Z = 190 f 40 
nm2, and the force was measurable out to L 5: 190 nm. 
When this is compared with the 18/90 sample for which 
the force was measurable to 5: 60 nm, it appears that 
the range of the force increased by a larger factor than 
did the degree of polymerization. This can be under- 
stood by recognizing that this characterization of the range 
of the force is what we have called L,, and that, in this 
experiment, Z/Zc 5: 0.03, which corresponds to the high- 
coverage limit. In this regime L,, a 27 with y approach- 
ing unity; the results summarized in Table I1 suggest y 
N 0.9. Taking the other exponents as give? for eq 4.6 
gives (approximately) L,, a Z0.9/20.4 and L,, a P2/ 
20.6, faster than linearly in 2. Applying this to the mea- 
sured force curves gives L,, for the 20/250 case to be 
about 3.3 times greater than that for the 18/90 case, in 
agreement with what was found. 

4.5. Polymer Profiles between Two Surfaces. 
Effects of Compression. Figures 24 and 25 show changes 

calculate this limitation quantitatively. 
From Figure 23 we see that g, and hence each force 

curve, has the same qualitative shape as the force curves 
in the good solvent case, PS/toluene; i.e., g is approxi- 
mately an exponential function of its argument. 

The dependence of the force on 2 and Z as summa- 
rized by eq 4.1 implies that care must be taken in relat- 
ing the measured range of the force to the thickness of 
the polymer profiles. If we define L,, as the separa- 
tion at  which the force vanishes, then it is given by 

(4.2) 

This cannot be solved exactly. However, to the extent 
that g is universal, eq 4.2 implies that L,,, scales as 

L,,, a ZQ' 

p / p 4  (4.3) 
for these values of y and 6. 

This result, in particular, the scaling with molecular 
weight, would appear to contradict interpretations of exper- 
iments, which indicated that L,,, scales linearly with 2. 
This apparent contradiction can be resolved as follows. 
Suppose that the range of the force was identified as the 
separation at  which the force first reaches a certain value 
Fo, for example, corresponding to a threshold valug for 
measurement. In this case the range, which we label L,,, 
would be defined by 

Jam,) = F, (4.4) 
or, using eq 4.1 

(4.5) 

Next, recall from Figure 19 that, over limited ranges 
of surface separations, the force curves appear to obey 
approximate power laws,i.e., F a L-p. Combining this 
with eq 4.5 implies that L,,, scales as 

E,,, 0: ,9y+"lPZa-fl/P (4.6) 

The important point is that L,, scales differently than 
does L,,,. For example, for both the 18/90 and 8/92 
samples, at  large L the force varies approximately as L+, 
so p N 6, which gives (approximately) 

L,, 0: Z / X O . ~  (4.7) 
using our calculated values of a, P ,  y, and 6. Equation 
4.7 agrees with the original interpretation of experi- 
ments, i.e, the linear dependence on 2. 

Thus the scaling dependence of the range of the force 
depends on the definition used and, for the second def- 
inition discussed above, on the functional form assumed 
for the force. Both definitions of the range of the force 
are reasonable. However, to relate the measured force 
to the thickness of the adsorbed layer (either the rms 
thickness or x,,), we suggest that the definition given 
in eq 4.2 should be used. In practice this is easily accom- 
plished by examining measured force curves on a semilog- 
arithmic plot. 

Although these scaling results have been determined 
explicitly only for the case x = 0.5, their general form 
can be used to understand other experiments. As men- 
tioned in the Introduction, Taunton et al. measured the 
forces for terminally anchored PS chains in toluene and 
~ y l e n e . 5 ~  In one set of experiments: the degree of poly- 
merization of the PS was 2 = 1250 with polydispersity 
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Figure 24. Polymer volume fractions between surfaces as a 
function of surface separation, L ,  for the PS/toluene (good sol- 
vent) system studied by Marra and Hair? for which we use Z 
= 850, x = 0.44, and Z = 210 nm2. Each panel corresponds to 
a different surface separation, L,  as indicated. In each case, 
half of the region between the surfaces is shown and so the 
horizontal scale differs in each panel. The shaded region at 
the left-hand side represents the outer part of the adsorbed 
PEO block of the copolymer falling smoothly from unity to zero. 
The solid line reprsents the total PS volume fraction, 4(x), at 
each point. The two contributions to it, &(x) and &(x), are 
shown as dotted and dashed lines respectively. The solvent pro- 
file, which is given by ~ S ( X )  = 1 - - $ps(x), is not shown. 
The corresponding force curve for this case is shown in Figures 

in the polymer profiles as the surfaces are brought together. 
The first of these figures is for the good solvent case, 
PS/toluene, with 2 = 850, x = 0.44, and 2 = 210 nm2; 
the corresponding force curve for this case is shown in 
Figures 18-20. Figure 25 is for a worse than 8 solvent, 
PS/cyclohexane, with Z = 580, x = 0.55, and Z = 43 
nm2; the corresponding force curve for this case is shown 
in Figure 22. Results for the 8 solvent case are qualita- 
tively similar and so are not shown. 

In each panel of these figures, half of the region between 
the surfaces is shown. The shaded profile on the left 
represents the outer part of the tightly adsorbed B block 
of the copolymer. The solid line represents the total vol- 
ume fraction of the dangling block, $ ( x ) .  The two con- 
tributions to it, @I(X) and $ J ~ ( x ) ,  are shown as dotted and 
dashed lines, respectively. 

Consider Figure 24 first. The top panel corresponds 
to a surface separation of L = 80 nm; a t  this large sepa- 
ration the brushes attached to opposite surfaces do not 
reach each other. Hence, in the half region shown, 4 ( x )  
= & ( x ) ,  and & ( x )  is zero. The effects of reducing L are 
shown in successive panels. In the second and third pan- 
els, for which L = 70 and 60 nm, the most obvious change 
is that the two distributions begin to overlap in the cen- 
ter; i.e., the tail from penetrates into the tail of 
& ( x )  and vice versa. As L is further reduced, this pen- 
etration increases, until, at L = 40 nm, each profile reaches 
fully across the region. With decreasing separation, the 
polymer density a t  the midpoint increases continuously, 
and for L = 30 nm the total density is nearly uniform, 
except for the two depletion regions near the surfaces. 

18-20. 
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Figure 25. Polymer volume fractions between surfaces as a 
function of surface separation, for the PS/cyclohexane (bad sol- 
vent) system studied by Hadziioannou et a1.,4 for which we use 
2 = 580, x = 0.55, and Z = 43 nm2. Each panel corresponds to  
a different surface separation, L,  as indicated. The notation is 
described in Figure 24, except that the tightly adsorbed block 
in this case is PV2P. The corresponding force curve for this 
case is shown in Figure 22. 

As L is further reduced, the polymer density exhibits a 
broad maximum a t  the center. 

Figure 25 shows a similar progression for the poor sol- 
vent, x = 0.55. In this case the polymer density is greater 
than that in the previous case, but qualitatively the results 
are similar. The point to note in particular is that in 
our calculations the two distributions greatly interdigi- 
tate. As the surface separation decreases to L = 30 nm, 
each profile reaches fully across to the opposite surface, 
and the total PS profile is nearly constant throughout 
the interior. 

Pursuing the analysis further, we relate the polymer 
profiles to the force at various separations L,  first for 
the good solvent case. From Figure 18, the onset of the 
force occurs at L N 60 nm. From Figure 24 we see that 
even at this separation the opposing layers interdigitate. 
When L is reduced to about 30 nm, such that each pro- 
file reaches fully across to the opposite surface, FIR is 
only 500 mN m-l. This is a relatively small force on the 
scale of these measurements, in which F I R  rises to more 
than 10 times this value a t  L N 12 nm. For all surface 
separations less than about 30 nm, the polymer density 
has a broad maximum a t  the center, as identified above. 
This contrasts with models in which the density is assumed 
to be zero at the midpoint when calculating the force. 

We noted earlier that out calculations underestimate 
the range of the force for this case by about 10 nm but 
that this could probably be corrected by including, for 
example, polydispersity. If we were to do so, then a t  each 
separation L we would find even more interpenetration. 
Thus the calculations unambiguously predict consider- 
able interpenetration at virtually every separation for which 
the force is measurable. 

For the worse than 0 solvent case we use the calcula- 
tions for PS/cyclohexane, Figures 9, 14, 22, and 24, for 
x = 0.55. Note first from Figures 14 and 22 that the 
onset of the force for this case occurs a t  about 55 nm. 
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Figure 26. Root-mean-squared thickness of each profile, (9) 112, 
and maximum extent of each profile as measured by nmaxr as a 
function of surface separation for the model system for x = 
0.45,0.5, and 0.55. For the good solvent case, x = 0.45, we also 
show dmax; the region between nmax and dmax contains 0.9$ 
of the profile. 

From Figure 9 we see that a single profile extends to about 
32 nm, and from this and from Figure 24, it is clear that 
a t  L N 55 nm the profiles interdigitate. Thus, as before, 
for all measurable values of the force the opposing pro- 
files interdigitate. As L is further reduced, the profiles 
fully interpenetrate. In fact, in this case the force is most 
attractive at  L N 35 nm, at  which separation each pro- 
file has reached nearly all the way across. For all L 5 
30 nm, which is the entire range through which the force 
is repulsive, each profile fully traverses the region. 

As well as interdigitating, as the surfaces are brought 
together the profiles retract, but more slowly than is 
implied by the linear scaling assumed by AdeG and MWC. 
In Figure 26 we illustrate this quantitatively by plotting 
(x2)1/2 and Xmax for each layer as a function of surface 
separation. In order to make direct comparison, for this 
figure we use the PS/cyclohexane system with 2 = 580, 
Z = 43 nm2, and three values of x, namely 0.55,0.5, and 
0.45. The first of these is the same as that of Figure 24, 
and the third is qualitatively the same as the good sol- 
vent case of Figure 25. 

Qualitatively, the results for the two cases x = 0.45 
and 0.5 are similar. For large L,  both the rms layer thick- 
ness and xmex are constant, with the profile in the better 
solvent being further extended, ( x 2 ) l l 2  = 16 vs 14 nm 
and xmex = 35 vs 30 nm. As the surfaces are brought 
together, when the tails of the opposing profiles touch, 
they begin to withdraw. Initially x,,, 0: L 1 / 2  and ( x2)1/2 
a Lo.6, but as the surfaces are brought closer together, 
xmax in particular begins to decrease more quickly, reach- 
ing xmax a LO.9 in our calculations. Since xmax < L always, 
this much approach a limit of linear scaling at  small L. 
For the smallest case shown, L = 15 nm, x,,, = 13.3 nm, 
and we have almost reached this limit. By contrast, a t  
this point (x2)1/2 is still varying only as L 2 / 3 .  

For the bad solvent case there is an additional effect, 
occurring when the surface separation equals about twice 
the size of a single adsorbed profile. Initially, xmax N 25 
nm and (x2)1/2 11.5 nm, but as the surfaces are brought 
together from L > 60 nm, the individual profiles first 
expand and interdigitate. As the surfaces come closer 
together, the profiles then begin to contrast, returning 
to their original thickness a t  L N 33 nm. This is very 
close to the separation at  which the force is most attrac- 
tive. It also corresponds to the separation at  which each 
profile first reaches to the opposite surface. As L is fur- 

ther reduced, the profile is further compressed, and the 
force becomes repulsive. 

For all separations L 5 35 nm, both xmar and ( x 2 )  ll2 
depend only on the surface separation and are indepen- 
dent of solvent quality. This is the case even though 
they are not being squeezed very much in this regime; 
both xmax and (x2)1/2 are much smaller than the surface 
separation and scale more slowly than linearly with L 
(except for very small separation). 

The exact behavior of xmaX depends on its definition. 
To illustrate this, we have included dmax in Figure 26 
for the case x = 0.45 (dmaX contains 99.9% of the pro- 
file). For large surface separation, X'max = 40 nm, com- 
pared with xmax N 35 nm. It begins to decrease a t  L N 

90 nm, which is very close to the range of the force. This 
compares with the significantly smaller surface separa- 
tion of about 70 nm at  which xmax begins to decrease. 
The detailed variations of Xmax, Xtmax, and ( x 2 ) I I 2  with 
L reflect changes in the size and shape of the profiles, 
including the tail, as the surfaces come together. 

We end this section with one additional comment. As 
per the above discussion, as L decreases different parts 
of the brush deform differently, for example Xmax, 
and Ymax scale with differing powers. This result should 
apply as well to the case of a single polymer brush com- 
pressed by a hard wall and should be included when cal- 
culating the free energy of a compressed polymer brush. 

5. Summary 

In this paper we have studied adsorbed diblock copol- 
ymers in systems where the solvent is very bad for one 
of the blocks and either a good, 8, or poor solent for the 
second block. The primary interest has been the dan- 
gling block; the model applies equally well to the prob- 
lem of chains grafted to the surface. 

The basis of the work is the full numerical solutions 
to the mean-field self-consistent equations describing 
polymer/solvent and polymer/polymer blends.21-28 The 
approximations inherent to mean-field theory limit its 
range of applicability, particularly for low concentra- 
tions of polymer in a good solvent. For this reason, we 
have restricted our attention to "near"-8 conditions, with 
the Flory x parameter restricted to x N 0.5. We have, 
however, intentionally explored the limits of this regime, 
with x as low as 0.4 in some cases and very low surface 
coverage in others. We have also made detailed compar- 
isons with experiment, using independently determined 
values for the Kuhn statistical length, monomer and sol- 
vent molecule volumes, and interaction ( x )  parameters. 
Most of our results have been presented in sections 3 
and 4 of this paper. Here we revisit the main conclu- 
sions that we have drawn. 

We first reported a series of model calculations, study- 
ing the ranges 200 I 2 I 1000, 20 nm2 I .2 I 400 nm2, 
and 0.4 I x I 0.6. In all cases, the polymer profiles rise 
from zero to a maximum, dmar, which is a finite distance 
from the surface. This is followed by a decrease, which 
is initially approximately parabolic but evolves into a 
smooth, extended "tail". The initial rise is analogous to 
the depletion layer discussed by de Gennes,"-l3 but in 
our calculations its thickness, as measured by the loca- 
tion of &,,, is almost independent of the average sur- 
face area per molecule, 2. Instead, it depends weakly on 
the degree of polymerization of the dangling blocks and 
on the solvent quality. The decrease in d(x) following +,,, is similar to the parabolic profile predicted by Mil- 
ner, Witten, and Cates.15-18 However, the extended tail 
is nonnegligible for all cases. 
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For progressively better solvents, the layer becomes 
thicker and @ m a  becomes correspondingly smaller. The 
value of &,,ax depends on all of 2, 2, and x. However, 
for a given solvent quality, the dependence on 2 and 2 
appears to saturate in the limit of high Z and/or low 2 ,  
as predicted by the models of AdeG and MWC. The sat- 
uration is apparently reached earliest in the good sol- 
vent, the case to which the AdeG and MWC models are 
applied. The value of + m a  does not vary with either x 
or the excluded-volume parameter, w, as a simple power 
law or exponential function. 

For good and 8 solvents, the dependence of the layer 
thickness on Z and 2 appears to vary smoothly from the 
limits of ZY/2O for low surface coverage toward 21/21/3 
for high surface coverage. This applies to both the rms 
thickness and the total thickness including the tail. Sim- 
ilarly, the dependence of the maximum polymer density 
appears to vary from Z1-v/2 for low surface coverage 
toward Zo/ Z213. We have concluded that experiments 
that have been done to date lie in different regimes within 
these limits. In only one of the cases that we have exam- 
ined would we expect the layer thickness to scale lin- 
early with 2. 

For poor solvent, there is a nonmonotonic dependence 
of layer thickness of 2; in circumstances of intermediate 
coverage, the layer thickness decreases with increasing 
coverage (e.g., decreasing 2) .  Although a quantitative 
treatment of this effect is outside the scope of our calcu- 
lations, we suggest that it is an interesting effect to look 
for experimentally, perhaps using small-angle neutron scat- 
tering. 

We found the calculated long-range forces to be qual- 
itatively similar for 8 and good solvents, with the range 
of the force increasing with improving solvent quality. 
For poor solvent there is a qualitative difference, with 
an attractive region appearing. 

We have made detailed comparisons with experiment 
for good solvent (x N 0.44), near-8 solvent, and poor 
solvent (x N 0.55) conditions. Given the experimental 
uncertainty, in particular, in the determination of 2,  and 
the neglect in the calculations of polydispersity and the 
possible concentration dependence of x, the agreement 
appears to be satisfactory except in some cases for rela- 
tively large surface separations. We conclude that mean- 
field theory is adequate for these systems at least over 
the tested range 0.45 I x I 0.55, although it may pro- 
vide only a qualitative description of the tail. 

We argued that, even for a given polymer/solvent pair, 
there can be no universal force curve or scaling laws. How- 
ever, for the particular case x = 0.5, we found an approx- 
imate function that can be used to quantitatively pre- 
dict the force curve for a range of Z and 2, which can be 
specified in terms of the ratio E/&, where ZC N P u b 2 .  
From this function we concluded that, in order to map 
from one system to another, both the surface separation 
and the magnitude of the force must be rescaled. 

This function implies approximate scaling laws for the 
range of the force, applicable up to 2/2c N 0.3, but that 
care must be taken in relating the range of the force to 
the thickness of a polymer layer. In particular, if the 
range is defined to be the distance a t  which the force 
equals a certain value, such as a threshold for measure- 
ment, then it scales faster with Z than does the layer 
thickness, characterized by either ( x 2 ) l 1 2  or xmar. For 
high molecular weight chains, this apparent range of the 
force can increase more quickly than as a linear function 
of 2, as observed by Marra and Hair.9 

The calculations provide a detailed picture of the chang- 
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ing profiles in the surface force apparatus. In good and 
8 solvents, as the surface separation L is reduced the 
profiles interpenetrate, partially retract, and deform. Ini- 
tially, the thickness of each layer varies approximately 
as L'f2. As L is further reduced, the thickness decreases 
more quickly, approaching xma. a: L. However, the rms 
thickness decreases more slowly; over the range of our 
calculations it scales no faster than (x2)l12 a L213, even 
for rather highly compressed brushes. This relatively slow 
retraction of the brushes is consistent with the interdig- 
itation and deformation of the profiles. The interdigi- 
tation is apparent for all surface separations for which 
the forces are measurable. In fact, except for the outer 
range of the force curves, each profile reaches fully across 
to the opposite surface, and the polymer density exhib- 
its a broad maximum at the center of the region. This 
picture contrasts with models in which the force is cal- 
culated by ignoring interdigitation, thereby assuming that 
the density vanishes at the midpoint between the sur- 
faces and that each individual brush thickness is propor- 
tional to L. The continuous deformation of the brush 
should also be included in modeling the compression of 
a brush by a hard wall. 

In worse than 8 solvent we have predicted an addi- 
tional effect which is similar to the nonmonotonic depen- 
dence of layer thickness of 2. As the surface separation 
is reduced, when the tails of the opposing brushes first 
approach one another, the layers extend and interpene- 
trate. As L is further reduced, they then begin to retract. 
In this case, we found that the attractive region of the 
force curve correlates with the expanded brushes, and 
the repulsive part (in all solvents), with the compressed 
brushes. 
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Appendix 

Self-consistent Solution of Diffusion Equation. We 
need to solve partial differential equations for q o ( x , t ) ,  
q l ( x , t ) ,  and q 2 ( x , t ) ,  subject to appropriate initial and 
boundary conditions and find the self-consistent mean- 
field potential, WA(X). The problem is specified by eqs 
2.3, 2.5, and 2.7-2.16. 

Rescaling. The equations are scaled so that xc[O,L] 
is mapped ontoye[O,~] and t€[O,ZA] is mapped onto rc[O,l]. 
(This transformation is the same as that used in ref 39.) 
The distribution functions then satisfy 

where 

and 

The initial conditions become 

qob,O) = 1 
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function of the problem, and A, is the corresponding eigen- 
value. For sufficient precision in our calculated E(L) ,  
we find that eq A.13 must be solved with an error of less 
than lo+. For large ZA and L,  we must include up to M 
= 2500 eigensolutions. 

Once the eigenvalue problem is solved, we construct 
the $A(Y) via eq A.6, which becomes 

M e-AjT - e-XrT 
c--.l 

(A.4) 

with boundary conditions: 

qi(O,7) = qi(* ,T) = 0 (A.5) 
The convolutions are appropriately modified; eq 2.14 

becomes 

Solution of Diffusion Equation. We use an itera- 
tive procedure to achieve a self-consistent solution. At 
each iteration, we have a function W * A  for which the dif- 
ferential equations are solved via eigenfunction expan- 
sions 

(-4.7) 
m 

where the A, and f, are found from the ordinary differ- 
ential equation 

subject to 

f (0)  = f(.) = 0 (A.9) 
The three sets of expansion coefficients are deter- 

mined from the initial conditions. The potential W * A  is 
symmetric, so the eigenfunctions are either symmetric 
or antisymmetric. For constructing $A, only the sym- 
metric eigenfunctions are needed, which are computed 
on [O,n/2]. This interval is subdivided into N subinter- 
vals specified by a set of points that are densely spaced 
near the logarithmic singularity a t  y = 0. We use the set 

(A.lO) 

where Ui  is a uniform net of N equal intervals on [0, 11 
and CY = 2.5. Depending on L,  we use N equal to 200 or 
400. The potential W*A is modeled as a piecewise con- 
stant function on the subintervals [yi,yi+l]. In each sub- 
interval, the solution of eq A.8 is a linear combination of 
two circular or two hyperbolic functions with two multi- 
plicative constants. Taking the solution in the first inter- 
val as either a sine or hyperbolic sine function in order 
to satisfy the boundary condition a t  y = 0, then the con- 
stants are determined in succession by imposing the con- 
tinuity of the solution and its derivatives at  each point 
yi. The eigenvalues, Am, must be determined so that 

f 'b,hm)ly=r/2 = 0 (A.ll) 
We require an efficient method of searching for the 

first M-ordered eigenvalues, A,. It is useful to intro- 
duce the Prufer t r a n s f o r m a t i ~ n : ~ ~ ? ~ ~  

f ( u , A )  = P ( Y A  sin NY,M 
Pb,W = P b , W  cos B(Y,A) (A.12) 

In particular the phase angle B(y,X) associated with any 
solution f ( u , X ) ,  where X is arbitrary, is computable from 
f ( y , X ) .  It  is a monotonically increasing function of X for 
all Xt(-m,m). We determine A, by solving 

0(a/2,Xm) = (2m - 1)7r/2 (A.13) 
for m = 1,2, ..., M. Then f m  is the mth symmetric eigen- 

j=l 

The convergence of this double sum is controlled by 
both the exponential terms and the factor l/[T(hk - Xj)]. 
The summation is reduced greatly by omitting terms where 
both e - V  and e-AhT are small. For example, if M = 1000 
the double sum has 106 terms, but only about 1000 X 20 
are nonnegligible. 

Self-Consistency. For a given ZA and L, we begin 
the calculation with an initial estimate of $A(Y), say, 4l~(y) .  
Starting with = 0 often suffices, but we usually start 
with the converged solution from another related. From 
@A we calculate W * A  through eqs 2.16 and A.3. We then 
solve the diffusion equations and ca,lculate a new @A(Y) 
as described above. In general this $ l ~ ( y )  is of itself use- 
less, but 

$ 2 A b )  = $ l A ( Y )  + c[alAb) - '$lA(y)] (A.15) 
with t N 0.1, will in general provide a better estimate. 
Iterating according to eq A.15, the calculation generally 
coverges, i.e. 

lim [GkAb) - 8 A b ) l  = o (A.16) 

This convergence is slow. Viewing $A(Y) - @A@) as a 
vector, we can_ formulate the problem as solving the vec- 
tor equation $*A - @*A = 0 (on the points y = yi, i = 1, 
..., N). We u!e the generalized secant method to reduce 
the error in $A - $A. For example, if 4l.4, I#J~A, 43A,  and 
$4A are generated by eq A.15, then 45A, derived from the 
generalized secant method, shows a marked improve- 
ment (factor of 10) in the metric separation 6 defined by 

6 = max [?Abi) - $Abi) l  (A.17) 

k-m 

1 

We terminate the iterations when 6 C lo-'?~. 
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ABSTRACT: The influence of polydispersity on the transitions occurring in the weak segregation regime 
and on the scattering functions of the disordered phase in diblock copolymers is studied for one-compo- 
nent and multicomponent systems including mixtures with homopolymers. Application of the fluctuation 
corrections given by Fredrickson and Helfands leads to  the determination of the transition windows as a 
function of degree of polymerization N, polydispersity U ,  and composition f .  The applicability of the fluc- 
tuation corrections appears to  be extended to lower N and f with increasing U. The prediction of transi- 
tions is facilitated by the concept of a reduced phase diagram. 

1. Introduction 
The capability of block copolymers to form micro- 

domain structures is well-known and widely used to pro- 
duce a variety of polymer materials with outstanding prop- 
erties. Understanding the basic principles of the 
microphase separation thus not only is of interest from 
a purely scientific point of view but is expected to show 
new ways to improved polymer materials. 

Using methods based on the mean-field theory, Hel- 
fand and co-workers,l Ohta and Kawasaki,2 and Semenov3 
have been able to make quantitative predictions on the 
ranges of stability of the  one-, two-, and three-  
dimensionally periodic structures appearing in the strong 
segregation limit. New developments are expected in this 
field since recent studies by Thomas and co-workers4+ 
and Hashimoto and co-workers7 have shown that the 

* To whom correspondence should be addressed. 

shapes of the domains are not restricted to spheres, cyl- 
inders, and lamellae. 

The transition from the ordered phase-separated struc- 
ture to the homogeneous melt and the phase diagram in 
the weak segregation limit is another feature of general 
interest. According to the theory of Leibler,g this phase 
diagram is, for diblock copolymers, completely defined 
by the composition f and the product xN,  where x is the 
Flory-Huggins interaction parameter and N the total num- 
ber of statistical segments per molecule. A particularity 
of Leibler's theory is the prediction that, except for f = 
0.5, there is no direct transition to ordered structures 
other than the bcc macrolattice. 

Recently, Fredrickson and Helfande have extended 
Leibler's theory to include the effect of composition fluc- 
tuations using a method established by Brazovskii.lo They 
find that Leibler's theory is only valid in the limit N - 
and that direct transitions from the homogeneous melt 
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